Bell Inequality Tests with Macroscopic Entangled States of Light by Stobińska, Magdalena et al.
ar
X
iv
:1
10
9.
48
32
v1
  [
qu
an
t-p
h]
  2
2 S
ep
 20
11
Bell Inequality Tests with Macroscopic Entangled States of Light
M. Stobin´ska,1, 2 P. Sekatski,3 A. Buraczewski,4 N. Gisin,3 and G. Leuchs1, 5
1Max Planck Institute for the Science of Light, Erlangen, Germany
2Institute for Theoretical Physics II, Erlangen-Nu¨rnberg University, Erlangen, Germany∗
3Group of Applied Physics, University of Geneva, Geneva, Switzerland
4Faculty of Electronics and Information Technology,
Warsaw University of Technology, Warsaw, Poland
5Institute for Optics, Information and Photonics,
Erlangen-Nu¨rnberg University, Erlangen, Germany
Quantum correlations may violate the Bell inequalities. Most of the experimental schemes confirm-
ing this prediction have been realized in all-optical Bell tests suffering from the detection loophole.
Experiment which closes this loophole and the locality loophole simultaneously is highly desirable
and remains challenging. A novel approach to a loophole-free Bell tests is based on amplification
of the entangled photons, i.e. on macroscopic entanglement, which optical signal should be easy to
detect. However, the macroscopic states are partially indistinguishable by the classical detectors.
An interesting idea to overcome these limitations is to replace the postselection by an appropriate
preselection immediately after the amplification. This is in the spirit of state preprocessing revealing
hidden nonlocality. Here, we examine one of possible preselections, but the presented tools can be
used for analysis of other schemes. Filtering methods making the macroscopic entanglement useful
for Bell test and quantum protocols are the subject of an intensive study in the field nowadays.
I. INTRODUCTION
Correlations between measurement results on entan-
gled states are fascinating because they demonstrate
sharply the difference between the classical and quan-
tum description of the world. It is manifested in Bell
inequality violation. Most of the experimental schemes
confirming this prediction have been realized using pho-
tons. However, photons easily get lost and single-photon
detectors are inefficient. Thus, all optical Bell tests post-
select the events in which both photons are detected and
suffer from the detection loophole. Experiment which
closes this loophole and the locality loophole simultane-
ously is highly desirable and remains challenging.
An appealing idea for a loophole-free Bell test is based
on amplification of the entangled photons [1–3] by a uni-
tary quantum cloner. If the amplification gain is high, the
state is macroscopically populated and it should be easy
to detect the optical signal. However, since the quan-
tum macroscopic states are not fully distinguishable by
the classical detectors, the measurement results will be
affected by errors [1, 4–6]. It seems that postselection is
unavoidable in Bell tests within the current technology.
An amplified single-photon is also fascinating as a po-
tential macroscopic qubit candidate. Since the ideal am-
plification process is unitary, it preserves the entangle-
ment originally present in the biphoton. Revealing such a
micro-macro entanglement requires photon-number par-
ity counts, again an unrealistic measurement with today’s
or near future technology.
An interesting idea to overcome these limitations is to
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replace the postselection by an appropriate preselection
immediately after the amplification, before the measure-
ment basis is chosen [7]. It is inspired by the idea of hid-
den nonlocality [8]. A mixed state, which is clearly nonlo-
cal but does not violate any standard Bell inequality, can
be preprocessed by a POVM measurement giving an ac-
cess to quantum correlations hidden in its subspace which
do violate CHSH inequality. The case of amplified entan-
gled photons is similar. The classical detection mixes the
quantum state and makes violation of CHSH inequality
impossible. Thus, to be useful for any quantum proto-
col, these states need to be coherently filtered and pre-
selection schemes are the subject of an intensive study
now [9]. Intuitively, one taps a bit of light and keeps
only quantum states that lead with high probability to
clear measurement results. Here, we analyze one possi-
ble filtering method, which does not reveal Bell inequality
violation, but increases the generation efficiency [9]. It
paves the way towards other preselection schemes, nec-
essary for performing Bell test or any quantum protocol.
Mathematical tools developed here can be used for anal-
ysis of other experimental schemes.
This paper is organized as follows. We discuss the
properties of macroscopic singlets in section II. In section
III we present the analysis of preselection scheme. We
finish the paper with our conclusions.
II. MACROSCOPIC ENTANGLED STATES
Multiphoton quantum states of light are produced by
phase covariant quantum cloners in phase sensitive co-
herent parametric amplification [1]. This method re-
quires first a pair of linearly polarized photons cre-
ated in a singlet state. The equatorial states of the
Poincare´ sphere of all polarization states are given by
2a†ϕ =
1√
2
(eiϕa†H + e
−iϕa†V ), a
†
ϕ⊥ =
i√
2
(eiϕa†H − e−iϕa†V ),
where a†ϕ and a
†
ϕ⊥ are creators for two orthogonal polar-
izations ϕ and ϕ ⊥. This subspace, parametrized by the
polar angle ϕ ∈ 〈0, 2pi), is privileged for the phase covari-
ant cloners, since here their Hamiltonian is rotationally
invariant. We express the singlet state in this basis
|ψ−〉 = 1√
2
(
a†ϕb
†
ϕ⊥ − a†ϕ⊥b†ϕ
)
|0〉 .
Next, one of its spatial modes is amplified to create a mul-
tiphoton state by passing the appropriate photon through
a high gain g nonlinear medium. This unitary evolution
leads to the “micro-macro” singlet state
|Ψ−〉 = C−2g exp
(
Tg
2
(
a†ϕ
2
+ a†ϕ⊥
2
))
|ψ−〉 ,
where g is the amplification gain and Cg = cosh g, Tg =
tanh g. For the purpose of further analysis, we rewrite it
as a superposition of cuts with fixed photon numbers by
expanding the exponent into its Taylor series
|Ψ−〉 =
∞∑
N=0
βN |ψN 〉 , |ψN 〉 = 1
M
(
a†ϕ
2
+ a†ϕ⊥
2
)N
|ψ−〉 ,
|ψN 〉 = 1√
2
(|ψNϕ 〉a |1ϕ⊥〉b − |ψNϕ⊥〉a |1ϕ〉b),
where βN = C
−2
g T
N
g
√
N + 1, M = 2N
√
N !(N + 1)!
ensures normalization of |ψN 〉, |ψN
ϕ(⊥)〉 =
1
M
(
a†ϕ
2
+ a†ϕ⊥
2
)N
|1ϕ(⊥)〉. The components corre-
sponding to the cut with 2N + 1 photons can be
expressed directly in the Fock basis
|ψNϕ 〉 =
1
M
N∑
k=0
CNk
√
(2k + 1)!(2N − 2k)! |2k + 1, 2N − 2k〉 ,
|ψNϕ⊥〉 =
1
M
N∑
k=0
CNk
√
(2k)!(2N − 2k + 1)! |2k, 2N − 2k + 1〉 ,
(1)
where CNk =
(
N
k
)
. In experiment |Ψ−〉 contains 4m ≃
104 photons on average, where m = sinh2 g. The states
in Eq. (1) are orthogonal, but in high photon number
regime detection is not single photon resolving [3] and
they reveal effective overlap. This is an important issue
for Bell inequality violation and preselection can solve it.
In [7] preselection is theoretically described by a pro-
jective measurement
P(Th)Nth =
∑
k,l;k+l≥Nth
|k, l〉〈k, l|. (2)
It cuts off the low Fock photon number contributions be-
low a threshold Nth in the initial superposition where
the overlap seems to be the largest. The preselected
macro-states contain Nth photons at least distributed
over two polarization modes. We will refer to this op-
eration as to the theoretical preselection. In the ex-
periment it is approximated by a scheme consisting of
an unbiased beamsplitter (BS) and a POVM measure-
ment, given also by Eq. (2) but for a different thresh-
old Kth, which examines the intensity of the reflected
beam and depending on the result rejects or passes the
transmitted beam to the Bell test. We will call this
scheme the beamsplitter preselection. It is described by
P(BS)Kth = Trr◦P
(Th)
Kth
◦UBS , where UBS is the beamsplitter
action, Trr is trace operation over the reflected mode. We
believe here that the theoretical and beamsplitter prese-
lection operators converge pointwise for some set of pa-
rameters P(BS)Kth
(
Ψ(g)
)→ P(Th)Nth
(
Ψ(g)
)
, where Ψ(g) = Ψ−
is given for the gain value g.
III. PRESELECTION
Theoretical preselection modifies |Ψ−〉 as follows
|Ψ−Nth〉 =
∞∑
N=Nth
β¯N |ψN 〉 ,
where β¯N is renormalized probability amplitude.
We consider a general diagonal measurement operator
O acting locally on the modes of a “micro-macro” singlet
O =
∑
k,l
αkl |k, l〉〈k, l| ⊗ Ob, (3)
where |k, l〉 is an arbitrary basis for the Hilbert space of
the macroscopic states and Ob is a Hermitian operator
acting on the single photon Hilbert space. The expecta-
tion value of O for |Ψ−Nth〉 equals
〈Ψ−Nth | O |Ψ−Nth〉 =
∞∑
N,M=Nth
β¯N β¯M 〈ψN | O |ψM 〉 . (4)
The cross terms with N 6= M are zero for the following
reasons. Let us consider a general term 〈ψN |k, l〉〈k, l| ⊗
Ob |ψM 〉. It is nonzero if and only if simultaneously
〈ψN |k, l〉 6= 0 and 〈k, l|ψM 〉 6= 0. This is possible only
if the states contain the same number of photons, i.e.
2N+1 = k+ l and k+ l = 2M+1, leading toM = N . It
brings Eq. (4) to the diagonal form. If the Bell operator
B is a sum of operators satisfying Eq. (3), its mean value
equals the convex sum
〈Ψ−Nth | B |Ψ−Nth〉 =
∞∑
N=Nth
β¯2N 〈ψN | B |ψN 〉 .
If this expression violates the local bound set by the
CHSH inequality 〈Ψ−Nth | B |Ψ−Nth〉 > 2, at least one term
〈ψN | B |ψN 〉 violates it. Therefore, we will consider each
|ψN 〉 separately.
3The Bell operator for the CHSH inequality equals
B = O(ϕa)⊗O(ϕb) +O(ϕa)⊗O(ϕb′ )
+O(ϕa′)⊗O(ϕb)−O(ϕa′ )⊗O(ϕb′ ), (5)
where one observer, Alice, measures the macroscopic part
of the singlet and the other, Bob, measures the micro-
scopic part. We assume the ideal measurement operator
O(ϕb) = |1ϕb〉〈1ϕb |−|1ϕb⊥〉〈1ϕb⊥ | for the Bob’s side, while
for the Alice’s side we take the threshold detection op-
erator [7] dictated by the expected modification of the
state in the photon number space
O(ϕa) = Pnϕa≤Nσ ⊗ Pnϕ⊥a >Nσ − Pnϕa>Nσ ⊗ Pnϕ⊥a ≤Nσ ,
(6)
where Nσ is the threshold value. It projects onto two
subspaces in the photon number space: with at least and
at most (at most and at least)Nσ photons in polarization
ϕa and ϕ
⊥
a , respectively. The proper value of Nσ opti-
mizes the observable to reveal the maximum amount of
quantum correlations in polarization during the Bell test
performed with photon number measurements. Taking
Nσ < Nth results in loosing the correlations. The best
correlations are observed for Nσ approximately equal to
half of the total mean photon number in the state.
We restrict O(ϕa) to the subspace with fixed number
of photons where |ψN 〉 belongs, and denote it ON(ϕa).
Applying the rotation between two basis by a relative
angle (ϕa−ϕb), which for the basis vectors transform as
|1ϕb〉 = cos(ϕa − ϕb) |1ϕa〉+ sin(ϕa − ϕb) |1ϕ⊥a 〉 ,
|1ϕ⊥
b
〉 = − sin(ϕa − ϕb) |1ϕa〉+ cos(ϕa − ϕb) |1ϕ⊥a 〉 ,
and noting that 〈ψNϕ | ON(ϕ) |ψNϕ⊥〉 = 0 we compute the
correlation 〈ψN | ON(ϕa)⊗O(ϕb) |ψN 〉 to be equal to
cos(2(ϕa − ϕb))
2
(〈ψNϕ⊥| ON(ϕ) |ψNϕ⊥〉 − 〈ψNϕ | ON(ϕ) |ψNϕ 〉) .
Noting that 〈ψNϕ⊥| ON(ϕ) |ψNϕ⊥〉 = −〈ψNϕ | ON(ϕ) |ψNϕ 〉 we
simplify the above expression to the textbook form of the
CHSH inequality for a singlet state
cos(2(ϕa − ϕb)) 〈ψNϕ⊥| ON(ϕ) |ψNϕ⊥〉 . (7)
It is well known that this inequality is violated only if
the distinguishability v(N,Nσ) = 〈ψNϕ⊥| ON(ϕ) |ψNϕ⊥〉 ex-
ceeds 1/
√
2. For ON(ϕ) in Eq. (6) it takes the form
v = 〈ψNϕ⊥| Pnϕ≤Nσ ⊗ Pnϕ⊥>Nσ |ψNϕ⊥〉
− 〈ψNϕ⊥| Pnϕ>Nσ ⊗ Pnϕ⊥≤Nσ |ψNϕ⊥〉 . (8)
Using the Fock space decomposition in Eq. (1) it can be
rewritten as a difference of sums computed in different
photon number regions
v(N,Nσ) =

∑
k∈Sσ
+
−
∑
k∈Sσ−

FN (k), (9)
where FN (k) =
(
CNk
M
)2
(2k)!(2N − 2k + 1)!. The sum-
mation regions correspond to the constraints on nϕ and
nϕ⊥ given in Eq. (8)
Sσ+ ={k : k ≤ N, 2k ≤ Nσ, 2N − 2k + 1 > Nσ},
Sσ− ={k : k ≤ N, 2k > Nσ, 2N − 2k + 1 ≤ Nσ}.
If Nσ ≤ N these definitions are equivalent to
Sσ+ ={k|0 ≤ k ≤ Nσ/2} (10)
Sσ− ={k|N − (Nσ − 1)/2 ≤ k ≤ N}. (11)
Moreover, if Nσ = N + p with a strictly positive p, then
the regions Sσ+ and S
σ
− satisfy Eqs. (10) and (11) for a
new thresholdNσ = N−p ≤ N . Therefore, it is sufficient
to consider the case of Nσ ≤ N . Using the expression in
Eq. (9) it is easy to show that v(N,Nσ+1) > v(N,Nσ−1)
for everyNσ < N . The maximal distinguishability equals
either vmax = v(N,N) or vmax = v(N,N−1) for N even
or odd, respectively. We introduce the symbol
[
N
2
]
which
equals to N/2 for even and N/2 − 1/2 for odd N . The
maximal distinguishability equals
vmax(N) =


[N2 ]∑
k=0
−
N∑
k=N−[N2 ]+ 12

FN (k),
which can be further rewritten to a form where an ana-
lytic solution is found
vmax(N) = FN
([
N
2
])
+
[N2 ]−1∑
k=0
(FN (k)− FN (N − k)) ,
with FN (k)−FN(N−k) =
(
CNk
M
)2
(2k)!(2N−2k)!(2N−
4k). Performing the summation yields
vmax(N) =(C
N
[N2 ]
2−N )2(N + 1) for N even,
vmax(N) =(C
N
[N2 ]
2−N )2(N + 2) for N odd.
From this expression one can easily see that vmax(2n) =
vmax(2n−1) and vmax(2n) > vmax(2(n+1)). The distin-
guishability is sufficient to violate CHSH inequality only
for N ∈ {0, 1, 2}. Using the Stirling approximation we
show that the asymptotic value (the limit of high pho-
ton number) for the distinguishability of the macroscopic
states equals
lim
N→∞
vmax(N) =
2
pi
<
1√
2
. (12)
Therefore, the theoretical preselection does not decrease
the effective overlap between the highly populated macro-
scopic states and thus, the Bell test for the “micro-macro
singlet” in the discussed scheme is impossible.
Theoretical preselection is an unphysical operation,
but it approximates well the beamsplitter one. BS turns
4the “micro-macro” singlet into a mixture of terms corre-
sponding to different number M of reflected photons
ρt = N
∞∑
M=Kth
TrrLM (|Ψ−〉〈Ψ−|) = N
∞∑
M=Kth
pM ρM ,
where N = 1/
∑∞
M=K pM , pM = Tra,v LM (|Ψ−〉〈Ψ−|)
is probability of reflecting M photons and ρM =
Trv LM (|Ψ−〉〈Ψ−|)/pM is the state conditioned on this
event. Using BS operation for two independent polariza-
tions etγ(aϕ v
†+a
ϕ⊥
v
†
⊥
), developing it on each side of the
projector and tracing out the {v, v⊥} vacuum modes we
find the explicit form of the state ρM
ρM =
1
pM
∑
N
β2N Trv LM (|ψN 〉〈ψN |) =
∑
N
pNM ρ
N
M ,
ρNM =
1
C2N+1M
M∑
n=0
GMn a
n
ϕa
M−n
ϕ⊥
|ψN 〉〈ψN |a†nϕ a†M−nϕ⊥ ,
where GMn =
1
n!(M−n)! and ρ
N
M describes |ψN 〉 after M
photons have been lost. If ρM violates Bell inequality,
at least one ρNM violates it too. The Bell operator equals
〈B〉ρN
M
= tr
{
ρNMB
}
= 〈ψN | B¯ |ψN 〉. Repeating the steps
(5)-(7) we express 〈B〉ρN
M
using new distinguishability v =
〈ψNϕ⊥| O¯N(ϕ) |ψNϕ⊥〉 with
O¯N = 1
C2N+1M
M∑
n=0
GMn a
†n
ϕ a
†M−n
ϕ⊥
ON−M2 anϕaM−nϕ⊥ .
The operator O¯N can be expressed as a convex sum
O¯N =
M+Nσ∑
N ′σ=min(Nσ,M)
p(N ′σ)ONN ′σ ,
where ONN ′σ is ON with a new threshold N ′σ. Thus, we
brought the analysis back to the theoretical preselection.
IV. CONCLUSIONS
In this paper we emphasized the necessity of prepro-
cessing of quantum macroscopic states of light generated
by the optimal quantum cloners in presence of classical
detection. It gives hope for a loophole-free inequality
test and enables application of these states in quantum
protocols. Preselection engineers the state and this is
easily noticeable in the photon number space. The ob-
servable to be measured has to be chosen accordingly to
this modification. The idea is based on trade off between
the physical and effective overlap measured by inefficient
detectors. Filtering decreases the effective overlap at the
cost of increasing the physical one. Efficient tool for fol-
lowing this trend provides the photon number distribu-
tion. Here, we tested the easiest example of preselection:
the photon number sum, which is basis independent. The
initial expectation was that the distinguishability will in-
crease for high population N ≥ Nth. However, in that
case distinguishability cannot be improved, but genera-
tion efficiency is reinforced instead. Since the compu-
tation is analytically involved, the correct strategy is to
gain as much as possible from internal structure of the
examined state. Instead of manipulating and taking into
account the whole state, it is possible to perform oper-
ations on its building blocks separately. This structure,
for each preselection, has to found separately. This qual-
itatively allows to infer the physical properties of these
states, e.g. possibility of Bell inequality violation, which
is especially useful in the limit of high photon popula-
tion. Mathematical methods developed here can be used
for analysis of other experimental schemes. The alterna-
tive to preselection schemes is to engineer the source of
macroscopic entanglement by seeding it with other than
single photon inputs to obtain the desired distinguisha-
bility of output states, which seems to be even more de-
manding.
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